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A project on “Matrix Summability of Spliced Sequences ” was under
taken by the students of Department of Mathematics under the guidance of Sri
ArabindaPandab, HOD Mathematics.It took two months (Feb & March 2020) to
carried out the project. Summability methods deals with methods of
constructing generalised sums of series, generalised limits of sequences and
values of improper integral; when a sequences or series or integral diverges
ordinarily sense, some other methods and generalised provide different
summability methods. Since the idea of converges of a sequence or series is
used in almost all branches of mathematics, various summation methods has

deep applications also. Here effect has been made to explain some

summability methods such as spliced sequence.

Students got knowledge of some results of summabilty & Spliced sequences.

Finally, the project was completed and submitted on 18" March 2020.
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Chapter 1

SOME RESULTS ON SUMMABILITY

Summability methods deals with methods of constructing generalised
sums of series, generalised limits of sequences and values of improper integral;
when a sequences or series or integral diverges ordinarily sense, some other
methods and generalised provide different summability methods. Since the
idea of converges of a sequence or series is used in almost all branches of
mathematics, various summation methods has deep applications also. Here
effect has been made to explain some summability methods such as spliced

sequence.
= =]

Euler developed the convention that a divergent series Z a, = 8 pro-

n=0
vided 3> a,z" converged to f(z) for small values of z and f(1) = s.

In this way,

ﬁ =Y o(—1)"2" converges for |z| < 1 and thus

1 1
-—lnz—z==—
Z( ) 1+z[ S

n=0

Carl Friedrich Gauss introduced the concept of the use of infinite process
into mathematical analysis. Augustin-Louis Cauchy formalized ideas concern-
ing convergence and divergence of series. Niels Henrik Abel was a important
contributor to the ideas concerning convergence and divergence during the
early part of the nineteenth century.

Let us now examine two of the earlier efforts in considering series and
sequences which diverge.They are those of Abel and Cesaro method of con-
vergence.And also we define some methods of summability theory and the
most important theorem Silverman-Toeplitz theorem.



1.1 Mathematical Priliminaries

1.1.1 Abel Convergence

Definition 1.1.1. Let {a,}§® be a sequence of complex numbers.The se-
quence {a,}§° is Abel convergent(written (A) convergent) to L,
= =]

if lim (1-2) Zakzk = L exists (where li.[}lﬁ f(z) = M if given € > 0, there

z—l-

k=0
exist § = d(€) > 0 such that if 1 — 0 < z < 1 then |f(z) — M| < ¢).

Definition 1.1.2. Let 0 < a < ~.A Stolz domain of angle a,written as
S(a),is the domain {w : |arg(l — w)| < a} N S1(0) where S,(w) = {z :
|2 —w| < r}.

oo

Definition 1.1.3. A series of complex numbers,z ag, is (A) convergent
K=0
to L, if the sequence of partial sums, {S,}5° where S, = Zak, is (A)

k=0
convergent to L.

1.1.2 Cesaro convergence

Definition 1.1.4. Let {a,}§° be a sequence of complex numbers.The se-
quence {a,}§° in Cesaro convergence(written (C,1) convergent)to L

e 1 - .
if “13130 m+1) ;ak = L exists.

Definition 1.1.5. Let f(z) and g(z) be given functions let zo be a fixed
point and suppose that g(z) is positive and continuous in an open interval
about z;.

(i) If there is a constant K such that |f(z)| < Kg(z) in an open interval
about zy then f(z) = O(g(z)), (z = zo)

(ii) :li»n:la E-(;‘—; = 0 then f(z) = o(g(z)), (z — o)
i) Jim 25 = 1 then £(2)  (9(2), (&~ a0



Examples

(i) 52% + 2z + 3 = O(2?), (z — ), since for X > 3|5z% + 2z + 3| =
52% + 2z + 3 < 6X2.

sin
(ii) sinz = o(z), (z — 00) since |sinz| < 1, lim o =0
y =00 T
I . SinT
(ili)sinz ~z (z — 0),lim — = 1.
=0 I

1.1.3 Summability Method

A summability method v is a triple (V, N,, V — lim) consisting of
(i) Amap V : D, - M,where D, C W and M is a set such that at least
on a suitable subset N,¢ # N C M there exist a (standard) limit function
f:N->K
(ii) The domain
N,:V7YN) of v

and
(iii) The summability functional

V —lim := F0V|N., 5 N,_, - K

Each z € N, is called summation or v-summable to V — lim z. A se-
ries Za,, is called summable (by v to the value a), if (z;) with z; :=

v

k
Z a,(k € N°) is summable (and @ = V' — lim z holds).
v=0
Example 1.1.6.
Let M :=w, N:=¢, f:=V —lim
putting the values V :=id, : w = w,z — z we get ¢, = ¢ and'V — lim =
lim; therefore (id,,, ¢, lim) is a summability method which is just the ordinary
notion of convergence.
Example 1.1.7.
If Z1,cz1 and lim 2z
2 2 2



Where n : w and

21w —w
2
£ = (£5) = (B=1F Boy (ith 2., =0)
as well as cz1 ={r€w|Ziz€c|=27(c)

2 2 2
Then we obtain for every z € cz; a limit(generalized) by the setting

2
21 —lim:=limz; :=lim 027 : ¢cz] = K,z = lim Z z
2 2 2 B ]
then (2 1,¢21,lim 2 1) is summability method which is a called the
3 .8 15
Zweier Method (of order 5).

1.1.4 Matrix Method

Qoo Qo1 Qo2 "+ Qok

Qi a3 Q2 -+ Qi
A= (ank) =

An Qn1 Qp2 ' QGpg

with [A]ux = anx € K(n, k € N*) infinite matrix and let

wa = {z = (zx) € W|Az := (Z a.,Ty) exists, that is all series Z ankTk converges}

A:wqg 2wz — A (matnx map induced by the matrix A) C'A ={z€
w|lAz € C} = A"'(C) domain of A)

limg:=A—-lim :=1lim 0 A: C4qy — K,z — lim Az, then the summability
method (A, C4,lim A) is called a matrix method.

Moreover,
Coa = {z € Cy|limyz = 0} = A7Y(Cy) and m N Cj, are called the
null domain and the bounded domain of A, respectively.



Example 1.1.8.

= e R
s 2 O
I = Y

is there the identity matrix. Then the corresponding matrix methods yields,
obviously the summability method (id,., C,lim).

1.1.4.1 Abel Method

let M=N=C
let F:C =K, f— F(f): :-+11i£Ir1emf(t) Then (A,,CA,, A; — lim) is a
summability method and is called as Abel Method.
Where
C:={f:D,—>K| lim _f(t) exists},

t—=1-teD1NR

(D :={z €K||Z| < 1})

Ca, = {z = (z1) € w|g(t) : Zx&t*‘ converges for |t| < l,and f €

c is given by f(t) = (1 —1t)g(t)}
and A, : Cy, = C,z — f with f(t) = (1 —t)g(t) then a (generalized limit is
defined on Cy, by A} —lim: Cy, = K,z = (2;) = lim Z:ﬁkt’“.

k

t—=1-teR

1.1.5 Borel Method

Let C = {f:K — K| reéim e tf(t) exists}
=100

C’Bl = {{.‘l.‘;,-) cw|f € ) wheref(t) = 1—:;&" (te ]}()} .
—~ k!



By :Cp, = C,(xx) = fwith f: K 5 K, t — f(t) := %tk
—~ ki

and B; — lim : éBl = K, (zx) = " E%im &t %t’“ then (Bl,C'Bl,Bl —
ER— <400 !
k

lim) is a summability method which is called the Borel method.

Definition 1.1.9. Rearrangement
if o : N* — N* is objective map, then for a given series Z”’"’ the series

v

Y, Go(v) is called a re-arrangement of it.

Theorem 1.1.10. (Silverman-Toeplitz Theorem)[}]
A matriz A = (a, ) is reqular of

(i) im a, =0 for each k=0,1,2,3......

(iz) lim Z anr =1, and

n—00
k=)@

(iii) sup{ Z lank|} < M <00 for some M > 0.
o k=0
For n,m € N with n < m , let [n,m] denote the set {n,n + 1,n +
2,n+3.n}let ACN

Let us define H(A) = lim sup M
1

n—00 T

and

d(A) = liminf |;4+ﬂ——

n—00 n

(1. n]|

The numbers d(A) and d(A) are called the upper natural density and
the lower natural density of A, Respectively if d(A) = d(A) ,then this com-
mon value is called the natural density of A. and we denote it is by d(A)
let I; be the family of all subsets of N which have natural density 0.Then I,
is a proper nontrivial admissible deal of subsets of N (A family I C 2" of sub-
sets on nonempty set N is said to be an ideal in N .If(i)A,Be I = AUBe I

6



(i)Ae I, BCA=Bel

Further if

UAEI =N

Which implies that {K'} € I or each K € N then [ is called admissible

or free. I is proper and nontrivial if N ¢ I andl # 0.

Definition 1.1.11. Let (z,) be a sequence of reals we say that (z,) tends
to y statistically provided {n : |z, — y| 2€} € I, for every €> 0 a sequence
(z,,) tends to y in the sense of cesaro if,

. ]' n
lim,, o0 - Y=

1.2

(i)

(i)

(iii)

The Relation Between The Cesaro Summability And The Sta-
tistical Convergence

If z, € [ is statistically convergent to y, then x, tends to y in the
sense of cesaro.

Fridy stated that there is an unbounded sequence (x,) which is statis-
tically convergent to some y to x, tends to oo in the sense of cesaro
let a, = (—n)" if n is even then,

If (z,) is a sequence non-negative real number statistically convergent
to zero,then (z,) tends to zero in the sense of cesaro.Converse not hold
to see this,consider the following example.

Let x,=a if 3 divides n and put z,=b if 3 does not divide n, a # b

So (z,) tends to i

r

in the sense of cesaro but not statically con-
vergent as



n

3 1 - . —_—
g&gz;uzaxﬂm.%=mn+bxam.%_bn

Definition 1.2.1. A function 0, defined for all sets of natural numbers and
taking values in the closed interval [0, 1], will be called a lower asymptotic
density (or simply density ) if the following four axioms hold:

(D-1) If A ~ B, then §(A) = §(B);

(D-2) If A N B= ¢, then §(A) + §(B) < §(AU B);

(D-3) For all A, B, §(A) + 6(B) < 1 + 6(A( B):

(D-4) o(I) = 1I.

If ¢ is any density. we define, 0, the upper density associated with 8, by
0(A) =1-06(IA4)

for any set of natural numbers A. For a non-negative regular matrix A and
E C N, we define the A- density of E denoted by d4(E), as follows.

JA(EJ = 1}’_{2‘0 sup Z Qn k
keE

= lim supz anile(K)

n—o0
k=1

= lim sup(Alg),

n—oo

Similarly

04(E) = lim_i.ana,,,k

keE

= lim -in.fzﬂ-n,kls(h’)
k=1

n—oo

= lim inf(Alg),,

n—o00o

where 1z is a 0-1 sequence such that 1g(k) = 1 . if 04(E) = §4(E), then
we say that the A—density of E exists and is denoted by d4(F). It is obvious
that, if A is the cesaro matrix i.e.,

1. if n greater than equal to k
App = .
0; otherwise.

then 6(A) coincides with the natural matrix.

8



Lemma 1.2.2. Let A be a non-negative regular matrix and E; = {V(j)}
an infinite subset of N. If §4(E) exists, then A¥! is §4(E) multiplicative.
Conversely, if 04(F) is t-multiplicative, then d4(E) exists and equals .

Proof. Since APl is common sub-matrix of A.AE! satisfies conditions of Sil-
verman, Toeplitz.
For any n,

(A[EI"')H i Z An,r(k) = Z k-
k=1

keE
Thus,if 64(E) exists,then AlF] is §4(E) multiplicative.

Conversely,if (AlF is t — multiplicative,then

t= lim {A[E]"-),, = him Z Unr = 04(E)

TM=—00
keE

0

Theorem 1.2.3. [3] Assume that A is non-negative regular summability

matriz. Assume that (x,) € 1™ is a splice over a partition {E;}. Let

yi = lim x,. Assume that 04(E;) exists for each i and Z(SA(E,-):I.
i

n—oo,nek;

Then 2
'}Lnsic Za"‘k:‘:k = Z Yida(E;)
k=1 i

Proof. Assume that A is non-negative regular summability matrix. Assume
that (z,) € [* is a splice over a partition {E;}. Let y; = lim, o0 neE, Tn.
Assume that d4(E;) exists for each i and Z d4(E;)=1,and let x be a bounded



oo — splice over {E;}.Then for a given n,

oo

(A:I:)H = Z an.kfék

k=1

= Y (D ansdi)

i=1 keE;

0o o
- Z(Z amr;i))xl";(ﬂ)

i=1 j=1
o0 o0

= 3 D By i)

i=1 j=1

= D ((4Fly),

i=1
For a fixed n.define

faiN—>Candg,: N—C by

fal@) == ((AByi), and g,(i) = M((AEde),, where M = ||z|| since 64(E;)
exists for each i,s0 by above result, A" is d4(E;) — multiplicative.Thus,

f(i) = lim f,(i)

n—oo

== lim (A{E'f‘f‘),;

n—oo

= 0a(E))y:

and g(i) := lim g,(i)

n—oo

= lim M((AE),

n—00

= MdA(E).

If i1 represents counting measure,we have

oo

lim [ gu(i)dp = lim Y M((AF)),
fe=reo IN n=—+00 =

= M lim (S an)

i=1l keE;
oo

= M lim E Qn k-
n—od el

10



Since A is regular and ). 04(E;)=1,

o0
lim rg,,(z)a’-,u, i Mnll_’ngogan.k

= M-1
= M) 64(E)
i=1
= f g(i)du
N
That is,
lim / gn(1)dp = f lim g,(i)du (1.1)
n—oo [ N oo
Also for every n.

lfﬂ('!)l | A[b}, ﬂ' g IZ nb,(J)’Tj| = Zant (J) - ';1'1'(4[‘L ¢ = gﬂ(i) (12)

so now applying (1.1)and(1.2) on the Lebesgue Dominated Convergence the-
orem we get,

1T 7 - 1 [L,]
lim (Ax), r}ﬂlt;lo Z (AHA2)

n—oo
20 .
= ) lim (AFiy),
o= n—00

oo oo
= nll_flgozau kT = ZJA(Ei)!}s = Zyi(SA(Ei)-
1

=1 i=1

O

By [* we denote the set of all bounded sequences of reals. Fix (z,) €
[ fory € R et

.5.4(9‘) = Iime—r()+3.4({n : l-rn - yl < f)

and

11



_(}:-l(y) = “n!'f—m-.-é_-i({n : |Iu == y‘ < t}

If 04(y) = d.4(y).then the common vaue is denoted by 64(y).

1.3 A-Limit For Sequences With Positive Densities §,(Y) OR §4(Y)

Lemma 1.3.1. Suppose that d4(y) exists for any y € R.Then the set D =

{y € R:da(y) > 0} is countable and Z 0aly) < L.
yeD

Proof. Let z, be a strictly monotonically decreasing sequence converging to
1LFor m € Nlet Dy, = {y € R: da(y) > }. Let y1,¥2,.....; 9 € Dy, be
lyi — y;l

3
are pair wise disjoint and d,(E;) > Eli

distinct.Then for € = min,4;

> 0 the sets E; = {n: |z, — y| < ¢}

Since A is also regular so we can choose a ngy such that

1 oo

E anr > — and E Gng < Tp form > np and for all 1 = 1,2,......,,1
m

ke E; k=1

where p is fixed.

Since Ey, F, ........, E, are pairwise disjoint ,so
: l
E An i = E E Qnk 2 —, for n > ng
m
ke Ey\UE>U..UE; i=1 kEEj

Therefore we must have | < m[z,| where [z,] denotes the greatest inte-
ger function.Hence Dy, must be finite and also Y ., d4(y) < =,.
Since Dy D Dy D ....... and D = U,,D,, .we obtain

E da(y) = lim E 04(y) < z,.Since this is true for every z, and
m—oo
yeD YyEDm
z, — 1 so we must have

D daly) < L.

yepD

Hence D must be countable. O

12



Remark 1.3.1. The above results would not remain true if would change
daly) to 04(y), that is
D:={yeR:ds(y) > 0} need not be countable.

Proposition 1.3.2. There is a bounded sequence (x,) such that
a{yeR: |z —y < e}) =d{y €eR: |z —y| < €e}) =1 for any
€>0 and any y € [0.1] where A is the Cesaro matrix.

Proof. Let (2,) be a sequence such that its set of limit points equals [0, 1].Let
define (z,) in such that any rational number from [0, 1] appears infinitely
many times in the sequence (z,).

Let ny = 10¥° then

[+ Linesa)| 10¢+1* — (10% 4 1)
Mg+ - lU(M—”z

i 10k2+k+1 Al 10k2 —f
- 10(k+1)?
_10¥-10%.10 0 10¥ 1
©10M-10%.10 10 10% .10  10%+1?
R 1
T T T 102 T k)2
- 1L

Let By = [0,n1] and By = [nx + 1,n451] for k > LIf A consists
of infinitely many Bjs, then d(A) = 1. Let z, = 2 if n € Bi. Let y €
[0,1]. Then for every ¢ > 07 the set
C = {k : |z — y| < €} is infinite.

A={n:|z, —y| < €} = Uec B
Therefore
d(A) = 1.
(]

Theorem 1.3.3. [1] suppose that x = (z,,) is a bounded sequence §4(y) exists

13



for every y € R and ZJA(y) = 1. Then
yeD

lim (az)o =) 8a(y) -y

yeD

Proof. Since (x,) is a bounded sequence there exist a 4+ve number M that
is M > 0 such that |(z,)| < M for every n € N.Let D ={y,}; that is y;, S
are distinct. Let n €> 0 be given and let r € N be such that

> oaly) >1—¢
i=1

and .
Z O0alyi). yi <€
=r+1

Let

be such that

1

lyi — y;| > N

1 :
— min
3 1<i#jgr

and which that the set
’ 1
E; := {J:|:r‘,-—y,-|<g

have the following property

: - ¢
04(yi) < OA(E;) < 04(E;) < 0alyi) + Y]
for i = i,......,r where My = max{|y|, |y2|, .---|y-|}
14




whereFE, Fs, ...... E, Are pare wise disjoint now choose a M, € N such
that
(E)_ﬁ< Zarzk<oﬁ(g)+_
kEE;
foreveryn = ng
and
%=l ot T
therefore,
54 (y) . <Za < d4( )+
AU = rme n.k A y: ﬂ-fo
keE;
for every n > my And ¢ = 1,2, .......r.Then for n = m, we have
- 1 1
(AIn) = Ek:l Ap Tk S EkEEl a,,_;,(yl -+ E o e + Z&GE,‘ an_k(y,.a)

since A is regular, we can choose m; > mg such that for all n > m,
Z?;l aﬂ’k < 1 + {
now the observe that

o0 Cay, k
1+E>Zaﬂ,k= Z Op i+ Z
k=1 ke(E1U...E;) ke(E1+U... .UE;)

where from above we have
v i 1
Z Gnk—ZZa,,A>Z(54 '—-—— >]_—-__{]_+_)
kEEL1U...UE, Jj=1 keE; N n-'r'l) N ﬂ/f

therefore for n > m, we have

U'r 1
(Azn) <ker; ani(ys + ot E Gkt + =)+ — + (24 —) Me
;\ M,
kEEy
15




and

1 1 Mr 1
(AZn) 2ker, @iy — 7) + e + > tnilyr - NN @+ gp)Me

Hence for > my

| (Az), Zm(yf),h < |(Az), — th (4:)-yi | +e

r

Mr M
Z Z QAp ko (yl .' ‘5.-1(3)":)-?)'1' N . (2'&‘{ & M, + l)f'

i=1 keE;

-

1 Mr M
“'-<- N d 1 i T S
e |(!§ak (J)(t;:l:N)+ N + (2 m+M“+1)f
1 € r Mr M
st — o+ =)+ —=+— —+1
(N+rM (Ao+ )+ +N+(2m+ﬂfn+ )
since N can be choosen arbitarily large,we obtain
M
Z()A (yi)- 2M+E+2)

for every ¢ > 0.Therefore

lim (Az), = th(yi) Vi

O

Theorem 1.3.4. [1] Assume that * = x, is bounded if 64(y) = 1. Then y
is a limit point of the sequence ((Ax),).

16



Proof. Since (z,) is bounded there exist M > 0 such that |z,| < M
for every n € N. Let y € R such that 04(y) = 1 let n € N let Ey =

1
J € N:|z; —y| < — where
P

P = P(N) > N is such that 1 < 04(Enx) <1+ % Then there is K,, > N
such that

D Chng > Fa(BN) — 5o 21— =

keEy
and also from regularity of A.

00

T s L
kn.k N

k=1

Then we have

Z Aknk — Z akn,k'fv‘f

keEyx kEEN

Zakn.kmk < Z a-kn.k'(y 3 f_i‘;) + Z a‘kn.k'ﬂf
k=1

kEEN keExn
Hence .
| (Az)kn —y |=| zakn,k -y
k=1
S+ )+ T onalm e+ lyl) + 4
Syt e i
f\GE\
1 I y|+1 1
M e — 4 =
<G+ (‘ oD+ =+
therefore
lim (A.I.‘ KN =Y
that y is a limits points of the sequences((Az,,)). O

£




From the above theorem we obtain the following corollary.

Corollary 1.3.5. let (x,) be a bounded sequence. Suppose that there are y
and z (y # z).with 04(y) = 94(z) = 1. Then the A limit does not exit.

Proof. we prove it by method of contradiction
Since (z, be a bounded sequence,and 04(y) = 1 so by the above theo-
rem(1.3.4).we get y is a limit point of z,, that is

lim (,4.’1‘)}\'3\' =Y (13)

n—oc
and also d4(z) = 1, so z is a limit point that is

lim (Az)xny = Z (1.4)

n—00

from equation(1.3) and (1.4) we get,

lim (Az)xkny =y =2 (1.5)

n—oo
which is a contradiction as given thaty # z so the A limit
E lim (Az) N
N—c0
does not exist. B
Proposition 1.3.6. Lett € N,r,s € [1,2' — 1] and L € R with y # Z then

there is a sequence (x,),such that

= r

d(y) = %F (That is when we are taking the limit with
respect to cesaro matriz) and

l n

lim — E Ti=".1
n—oo 11 < 1
i

18



' ' [ (1 — 28 (1 —
Proof. let y and z be such that ';—:1+y ( 5 r) = 2—:; +2 ( 5 s)
n as follows. Let ng = 0 and ny = 2'10%" . k € N let

Bi = [ng—1 + 1, ni], keN

| B |= 24(10%" — 10%-1?)
let Ay C By be defined as follows.

10(26)2 _qpl2zk-1)?

Ao = U ['?!.2:.-..1 + 1+ m2', Nog—1 + 1 + m2t + r]

n=1

1026+1)2 _ (k)%
Agpyr = U [nok + 1+ m2°, noy + 1+ m2' + 5

n=1

now we define x,,, let r, =y in n € Ay,

Boy. B

/. . . - EK'TI

In=Y ifne—, z,=zifn€ Ay andz, =2 ifne —
Aay, Aokt

() = (| 4w) = 7;

d(y)=d U )—1——

and
= B 5
d)=d(|) =) =1-5
po L12k+1
19
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so for any k € N and m = 1, ..., 10@0* — 10(2k-1)? we have

nak—1+14-(m+1)5

Z Tie=1y+(1-1)y' =2'L

i=ngg_1+1+m2t

similarly, for any K € N and

17— 102++1* — 10%%* We have

nak 1 +1+(m+1)-2

Z Ti- =52+ (1 —38)z =2'L

i=nog+1+m2!

from this we obtain that

1l
nlirgagli—l,.

O

1.4 Relation Between A-Statistical Limit Points And Points Hav-

ing Positive A-Density

Let I be a proper non-trivial admissible ideal in N And let (z,) € [*°.We
say that a sequence (z,) of real numbers tends to y with respect to I provided

20



{n:z, —y|> €} €I for every ¢ > 0, in symbols y = I — lim x,.

n—o0

Proposition 1.4.1. /4] If I is a mazimal ideal and (x,,) € I then I— lim z,
n—o00
erists.

Proof. suppose that I is a maximal admissible ideal in N. Let z = (z,,) € [®
we show that there exists £ € R such that I — lim x, € R. Since z € [®

n—oo
there are numbers a,b € R such that a < z, < b,(n = 1,2,3....... ).Put
a+b a+b '
Ay=n:ae, < , By=ni —— 5 < 2, < bthen AyuB; = N. Since

I is admissible ideal both lets A;, B; cannot belongs to I thus atleast one of
them does not belongs to I.Denote it by D; and interval corresponding to it
done by I;. so we have(infinite) set Dy =n:z, € I, ¢ I,

so we can (by introduction) construct a sequence of closed intervals I; >
;2 = lan,bp] (n = 1,2,3......, limy, oo (@, — b,) = 0 and sets
Dy=n:z, € E;\ ¢ I(k=1,2,3...)

let
§ e, I*

and € > 0 construct the set
M(e)={n:|z, — €| < ¢}

sufficiently large m we have
Iy = [am,bm] < (€ — ¢,§ +¢). Since D,, ¢ I we use that M(¢) ¢ I

Since M(¢) ¢ I, The maximality of I implies that

Ae) = {71 Han =€l > €} = _("-
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Hence

I-limz,=¢
n—oo

O

A point y is called I-cluster point of (x,) if {n : |z, —y| < €} ¢
i.We say y an I-limit point(x) if there is a set B C N,B ¢ I such that
llelg Tp = y. Since I contains all singletons,clearly I-limit points are I cluster
points and Iy-limit points are called statistical cluster points and statistical
limit points. Respectively whole I 4-cluster points and I5-limit points are called
A-statistical cluster points and A statistical limit points respectively. where
Iy=(BCN:6,4B=0) forms an admissible ideal in N

Lemma 1.4.2. Let I be an ideal of subsets of N.Assume that X := {n :
T, € (a,b]} ¢ I suppose that {n:a <z, <t—¢}el

or{n:t+e< z, <b} el foranyt e (a,b and any ¢ > 0 such that
e < min{t — a,b—t}, then there is y € [a,b] such that n : |z, —y| > ¢} € I
for every ¢ > 0.

Proof. suppose that for any y € [a, b] there is ¢, > 0 with

fnilen—sl 26} g1

Since [a,b] is compact there are a < ¥ < Yo < .one.. < y, such that
{(-es s + &) i = 1,2,3......., k}

is an open cover of [a, b],
where §; = {y; we may assume that none element of this cover contains over
element of this sub-cover let A; = {n: |z, — y;| < &}

Note that A; U ......... U A = X and therefore there is ¢ with A; ¢ I. since
X|A; € 1

A:
there is j # i such that XJ ¢ 1

i
assume that 7 < j. Since y; < y; and (y; — €;, (y; + €;)is not contained in
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(i — €, (yi + ). Then y; + ¢; < Yi +€;

let t = y; + ¢; there is ¢, > 0 with B = {n : |z, — t| > «} ¢ I. Con-
sider two cases
Case-1

If there is € > 0 such that B':= {n: |n, —t| <€} €I
then A;\ B ¢ I and A;\ (A,UB') ¢ 1

hence {n:a < @, <t—¢} ¢ I and
{n:t+e<az, <b} ¢l

Case-I1
if {n:|z,—t|<e} gl
for any € > 0 then
s il ;—’} ¢
since B ¢ I we have either {n: G <z, <t—e¢} ¢ 1
or {n:t+¢ <z, <b} ¢ I assume that
{n:GLa, <t—¢} &1
Then

3 1
{n:G<x, < (t—iff)—if,}e I
and

3 1
{n:((t—ztt)-kzets:rngb}&I. 0O

For any nonempty set A, we will denote by A<V family of all finite se-
quences of elements of A. For any finite sequences s = (s; + $9.......... +38,) €
A<N and a € A by s"a
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we denote concatenation of S and a,That is

sha = (814 S2.eeenen. + Sp,a) by | S| we denote the length of S. If o € AM
then let ;—t =kl Dssvinas ,a(n)) and % = ¢ where ¢ stands for empty se-
quence.

An ideal I of N is called a P-ideal if for any sequences of sets (D,,) from
I there is another sequences of sets (C,) in I such that D, AC, is finite for

every n and
UCaer

Equivalently if for each sequence (A,) of sets from I there exists A, € I
such that

A!’I
Ay
is finite for all n € N
A function
¢: 2N = [0, 0]

is called a sub-measure if
O(E) < o(EUF)

< ¢(E) + ¢(F)

for any E, F € 2V A sub-measure ¢ is called lower semi continuous if

lim ¢(E,[1,m]) = 6(E)

m—oo

By E.,(¢) denote the set of all F C N with

lim ¢(E\[1,m]) =0.

m—oo
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Proposition 1.4.3. Let A be a non-negative reqular matriz. Then I, is a
P -ideal.

Proof. Let
PA(E) =sup ) anx

keE

Qua(E, + E;) = sup Z Sk
neN kEF;i+E2

< sup Z Qn g + SUP_ Z Qn,k

neN ke E nel kEE;

so¢ 4 is monotonous and sub addition now we will show that it is lower

semi continuous fix E C N Let

s:¢a(E) = supzan,k

neN ek

and let € > 0

we can find n € N such that

Zan‘k > S—%

keE

Then there is m € N with

Ay k -.<.. SUP E Ank

kee.k<m k€EE . k<m



=¢a(EN[1,m])

Since the sequence (¢4(E N [1,m])) is non-decreasing, then

lim ¢4(EN[1,m]) = ¢s(E)

m—0o0

Assume that d4(E) = 0. Let € > 0 there is ng such that

Zan,k =€

keE

for n > n,.Since ) rep @nk convergent for any n > ng,there is m such that

E App < €

ke E k>m
for
n <ng
consequently,
¢a(E\[1,m]) = sup Z Qpk < €
neN L Ek>m
Hence

Iy C En(da)

Assume now that
Hm pa(EN(1,m)) =0

m—00
Let € > 0O,there is m € N such that
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Z Un k< %

k€eE k>m

for every n € N. Since lim a, 4 = 0 for every n € N, there is ngy such that
n—oo

i . for n > ny and k < m. Therefore ZkeE ank < € for n > ny. That
s .
means that 5A(E) =0 3 thus I,q > Ea,h((f)_,q). O

Proposition 1.4.4. Let I be a P- ideal. Assume that (x,) € e does not have
any I-limit points . Then the set of limit points of (x,) that is the set {y €
R:znx =y for some increasing sequence (ny) ofnatural numbrers}
is uncountable and closed.

Proof. Let I, = [a,b] be such that (z,) C [a,b]. Then those are t € (a,b)
and € > Osuch that {n:a <z, <t—e}¢land{n:t+e<ax, <b} &I
If there are not such ¢ and . then bye Lemma 1.4.2 there is y € [a, ] such
that {n : [z, —y| > €} € I for every ¢ > 0 that means that(z,) is convergent
to y. Since [ is a P-ideal so y is an I-limit point of (z,,) which yields a con-
tradiction. let I(gy = [a,t —¢] and I, = [t + ¢,b] proceeding inductively we
define a family {I, : s € N<¥ or non trivial compact intervals such that

(i)-Is»; C Ig for i=0,1 and S € N<N,
(ii)-
{n:z,el,} &1
for € N<N so that for any o € 0,1 and any k € N there are infinitely many
Ty, is with x, € I,k Which is a limit point of (x,). Note that z, # xp for
distinct o, # € 0,1V, Therefore the set of limit points of (z,,) is uncountable
and the set of limit points of (z,) is always closed. O

Lemma 1.4.5. let r € (0,1),r,>ry > 73 > ...

limr,=7v
n—r
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and let (E,) be a decreasing sequences of subsets of N

(i)-if 04(En) = rn,n € N, then there is a subset E of N with 64(E) =r
and such that EC* E,,n € N

(ii) If 04(E,) = r,.n € N. then there is a subset E of N with 04(E) =r and
such that F c* E,,ne€ N

Proof. (i) Let (p,) be a increasing sequence of natural numbers such that

Zke o g 2> T — 3 for every j > p,. For each n € N now choose m,, > p,
W n
such that

1 1
Z aj.k>'rn—-§—§>r,,——

ke E,N(1,my)

for all
j| Pn SJ g Pn+1-

Thus we have two increasing sequence of natural numbers (p,) and m,, such
that Vj € [p, + pn+1] we have

z Ajk > Tn — %

kEEnN[1,my]

put
E=|JE.N[1,mu]

n=1

Take p, < j < pn+1, then

1
Za.j,k 2 Z N[, mplajx > ry — )

kel kEE,
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Thus

limi

im gzlf Za“-" >r

keE

which means that d4(F) > r
since

E] D Ho v
SO

Ufszn n [].. nl;;+]] C Ej

and

EJ\E CUn= lj_lEn N {1, mn+1]

Therefore E'C* E; and consequently §4(E) < 04(E;) and
Ja(E) < 04(E;).Hence §4(E) = r and if 64(E,) — r.then 04(E) = r.

(ii) As in (i) we choose two increasing sequences of natural numbers (Pn)
and (m,) such that

1
Z Qp,, = P~ ;

k€EnN[1,my]

for every n.
Put

E=JE.) [1,mps]

n=]
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then 1
Zap""" Z Z apn,l- > Tnt1 —
keE k€EE.N[1,my] Bl
thus 04(E) =r and E C* E,, Vn € N. O

Theorem 1.4.6. Let (z,,) € I®. A point y € R is an A-statistical limit point
of(x,) if and only if d4(y) > 0.

Proof. Assume that d4(y) = 0 and suppose y is an A-statistical limit point
of (z,). Then there is E C N such that d4(y) > 0 and

limyep 2z, = y. We have E C* {j : |z; — y| < ¢} or every ¢ > 0.hence
0A(E) < 04(E) < 0a({j: |zj — y| < €}) for every € > 0.Therefore 04(E) =0
which yields a contradiction. Hence d4(y) > 0

conversely, assume that d4(y) > 0. Let E, = {j : lz; —y| < % Then (E,) is
decreasing sequence with d4(E,) — 04(y) By the above lemma (1.4.5) there

is E C* E,,n € N with 04(E) = d4(y) since almost all elements of E are
contained in E,,. Then clearly

im z;,=uy.
j—oo,jeE 7 4

Hence y is an A-statistical limit points of (m,,). O
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Chapter 2

SPLICED SEQUENCES

Definition 2.0.1. Let N be a fixed natural number an N-partition of N con-
sists of N infinite sets Ey := {V,(j)}32,, B; := (V@) eeoveees Ey =
{Vn(4)};2, such thatN = |, E; and E; (" Ey = ¢ for i # k. where {V(5)}
is an infinite subset of N.

Definition 2.0.2. Let E),E;,E3,Ey,--++---- Ej, be a partion of N into k
sequences and SUPPOSE Y1,Ya,Y3 =« v+ - - Y« be distinct numbers. Let (z,)
such that

lim z,=uy;
n—oo,nek; & Yis

Then (z,,) is called a k—splice.

Example 2.0.3.

Consider the threee partions

B ={1,8,5,7,9 1) 055555 }
E,=1{2,6,10,14,18,22,- <« ---- }
Es = {4,8,12,16,20,24, ¢+« - }

and the convergent sequence a := (a;), b := (b;) ¢ := (¢;). Then the three
splice of the sequences a,b,c over the three partition {E), Ey, Es}, is the
sequence

&€= {alrblea2|clea31b2-.a'4: C?!a51b3 """ }

Definition 2.0.4. Let A be a regular matrix and consider a fixed N—partition
{E\,Ey,-++--- En}. Then A is said to have the slicing property over { By, By, - - - En}
provided that A sums every N—splice over the N — partition {E;, By, -« - - En}.

Definition 2.0.5. An infinite partition of N consists of an infinite number of
infinite sets E; = {Vi(j)};2,, ¢ €N, such that N = J, E; and E; N E =
¢ for i # k.
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Proposition 2.0.6. Let (z,) € I Assume that there ezist a distinct real
numbers yi, ...... yYm with 04(y;) > OV i such that

Z 0a(ys) =1
i=1

.Then there exist a partition Ej, ....... E..FE, .1 such that 6 ,E; = 0a(y:), For
i=1,23.m

0a(Emy1) =0 and lim,eg, 2, = y;.

Proof. By theorem 1.4.6 there areE,:, ....... E, with lim,cp, z, = y;, Let
€ = min{|y; — y;|/3 :4,j = 1.....m,i # j}
put

Ei={n:|lz,—y|<nE,i=1,2,...m
clearly 64 E; = d4(y;)

Enp = N\ U E;

i=1

has A-density zero, Ej, ....... E,, E,, are pairwise disjoint, and limei, 2, =
Yi. O
Proposition 2.0.7. Let (z,) € 1. Assume that there exist distinct real num-
bers y1, Yz, ......... such that d,(y;) > 0,Vi such that

oo

> daly) =1.

jm=]
Then there exist a partition By, Ey, -+ - - - E,,Eni1 suchthat ,E; = 04E;, i =
| B S and lim,ep, T, = y;.
Proof. By theorem 1.4.6 there a,reE'lf, ....... E,, with lim,cg, x, = y; E/n
E:; is finite if i # j. Define E,, Fy, ........... in the following way.Let E,” = E,’,

n—1

Em" = Em’\ U Ef'.
1=1
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.k > 2 since
n—1

Ea 1% U E;

i=1

is finite then 04 E,, = 04E,, = 04(ym),m € N let

E =N\ G B

n=1

if F is finite then put E; = F U EI” and E,, = E:n,n. S AR if the let E
is infinite, then enumerate it as {ny, ns.......... } and put E,, = E, U {nn.}-
Clearly lim,¢g,, Mn = Ym-

]

Lemma 2.0.8. Assume that {E, : n1,2,3....... } is partition of N such that
> 104(E,) <1 Then there is partition {F), : n1,2,3....... } of N such that
(1)Fn C En]

(n)d‘l(Fu} = 6.-1(En);

(111)64(F0) = Eio:l 6.4(En)

Proof. let (6,) be a strictly decreasing sequence of positive real numbers with
lim, o0 €, = 0.We define inductively a strictly increasing sequence (n,) of
natural numbers such that

Eke[mn_1,j]\(EluE2u..,....UE“} ajx 21— (d(Ey) + d(E3) + ..... +d(Ey)) — €n
for every j > my.Let

Fﬂ - U{[m'n—l- :m'n-—l]\ U Ea)

n=1 i=1
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where mo = 0. let m, < j < mp.q.

D k2 € M1, JINEIUE U....... U By)ajg > 1—(d(Ey)+d(E)+-...

keFy k

Therefore §4(Fo) 21— 64E, (2.1)

n=1
let F,, = E,\Fp for every n € N.Therefore d4(F,) = d4(E,).Since Fy =
N\ U~ F. then

a(Fo) S1—=) 64, (2.2)
n=1

so from equation (2.1) and (2.2) we concluded 04(Fp) <1 -3

n=

0B, O

The next theorem gives the sufficient condition for a sequence (z,) to
have 3° _,, d(,) for some countable set D.

Theorem 2.0.9. Let (z,) € [ suppose that the set of limit points (x,) is
countable 04(y) erists for anyy € R Then }° ., 04(y) = l.where D = {y €
R:d4(y) > 0}.

Proof. suppose that

D daly) <1

yeD

then by applying proposition with a special case of the form let [a, b] be a fixed
interval a; and I € I and point y € (a,b) is not an I-limit points of (z,).Then
the set of limit points of(z,) infa, b] is uncountable and closed so the set of
D is non-empty by Lemma 1.3.1 the set D is countable.Enumerate D is
(y1), Y2, -.....} by proposition 2.0.7 there is a partition {Ej : k = 1,2,3......}
of N such that d(Ey) = d(yx) and

lim =z, = yx.
n—oo,ncky i Yk
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By lemma 2.0.8 there is a partition {F; : k = 1,2,3......} such that F; C
Ey.04(Fy) = 04(Ey) and d4(Fol — Y ;- 04(Fk). Since d4(y) = 0 for every
y € D, then by proposition ( 1.4.4) to the sequence (z,), € F, and to the
ideal Iy | Fy = {ENFy : E € I,} we obtain that the sequence (z,), € Fy
has uncountable many limit points which contradicts the assumptions. O

Theorem 2.0.10. (Henstock)[1] Let (z,) € 1*.Assume that A is non-
negative regular summability matriz. Assume that G(t) = d,({n : z, < t)
exists for everyt € R, then

Proof. At first we will show that G; = d4({n : z, < t) exists for every
t € RFix € > 0. Let k € N be such that S3% 64(E)) > 1 —e. Let
t € R\{vy1..c00. Y} we may assume that y, < ....... < yr. Then for any t
there is j = 1,.....,k — 1 such that y; <t < y;—; ort < y; or t < y; Assume
that y; <t < y;— Put

04(FE) = lim infz A ke

nekr
and
0A(E) = lim supza,,k
o nekE
Then
da.({n:z, <t})) 2dE, + ...... + dE;
and
(5,4({71 Ty < t})) <1- d(Ej.;_], ......... _dEk
Thus

da{n:z, <t}) —0,({n: 2, < t})) e
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Therefore
da({n:z, < t})

exists for every t € R to prove that

lim ¢dt, (t)

= yida(E:)

we need to show that

lim G“) — lim Gu) = (SA(E,').
t—y;

t—y

In fact it is enough to show that

lim Gy — lim Gy > 04(E).
t—=y;

t—yt

since lim G, = 1, lim G; = 0, G is non-decreasing and ). 04(E;) = 1.
t—oo t—=o00

For any ¢ > 0, we have E;\F, € {n: y; — ¢ < x, < y; + ¢} where F, is
a finite subset of N. Thus

da{n:yi—e < an <y +¢}) > 04E;

for any ¢ > 0

Also
da{n:yi—e<zo<yi+¢}
=G(yi+€) -Gy —¢)
=da{n:yi—e<z, <yi+e}
Thus lim G(t) — lim G(t) > 04 E;. O
l‘.—»y?’ t—=y;
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